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A Structure-Revealing Tensor Network Paradigm
and Its Applications

Yu-Bang Zheng, Xi-Le Zhao, Heng-Chao Li, Junhua Zeng,
Chao Li, Qibin Zhao, Ting-Zhu Huang, and Qing Zhu

Abstract—Tensor network (TN) decomposition is a powerful data representation tool widely used in machine learning and computer
vision. However, existing TN decomposition methods are limited by fixed topologies, which constrain their representational capacity. To
overcome this limitation, we introduce, for the first time, an energy-based framework that allows us to reveal a data-adaptive TN
structure through the optimization of an energy function. Specifically, we propose a novel structure-revealing TN paradigm, termed
SVD-inspired TN decomposition (SVDinsTN). This paradigm enables the formulation of an energy function that simultaneously
considers representation error and TN structure complexity, facilitating the joint optimization of data representation and the
identification of a compact TN structure. Theoretically, we present the principles behind the energy function and derive an upper bound
for the TN rank. In contrast to heuristic TN structure search methods, our energy-based method achieves a remarkable acceleration of
100 to 1000 times, making it practical for real-world applications. Experimental results in neural network compression, remote sensing
image cloud removal, and tensor robust principal component analysis consistently show that SVDinsTN can identify a TN structure that

better aligns with the given data, achieving superior performance over fixed-topology methods.

Index Terms—Tensor network decomposition, tensor network structure search, low-rank representation, energy function

1 INTRODUCTION

higher-order tensor is a multidimensional array, which

is a mathematical tool to represent higher-order data in
the real world, such as color videos, remote sensing images
(RSIs), light field images (LFIs), and traffic data. How to
capture the intrinsic information of higher-order data and
represent such data with few parameters is a central is-
sue in various areas of signal and image processing, ma-
chine learning, computer vision, etc. Tensor decomposition,
which represents a higher-order tensor by a series of low-
dimensional factors with a specific operation among them,
is a powerful tool for characterizing the global correlations
of higher-order data [1], [2], [3], [4], [5], [6]. In the past
decade, CANDECOMP /PARAFAC (CP) decomposition [7],
[8], Tucker decomposition [9], [10], tensor singular value de-
composition (t-SVD) [11], [12], [13], and their variants [10],
[14], [15], [16], [17], [18] have been widely applied in many
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applications, such as RSI restoration, LFI compression, and
traffic flow prediction, and have achieved promising re-
sults [19], [20], [21], [22], [23], [24], [25], [26], [27], [28], [29].

Inspired by concepts from physics [30], [31], [32], tensor
network (TN) decompositions have recently attracted in-
creasing attention for representing higher-order tensors [33],
[34], [35]. A TN decomposition represents an Nth-order
tensor by a collection of low-order factor matrices or tensors,
referred to as TN cores. These cores are connected through
tensor contractions, and their interactions jointly determine
the represented tensor. By treating TN cores as nodes and
contractions between them as edges, a TN can be described
by an unweighted graph, referred to as the TN topology.
The dimensions associated with the edges are collectively
called the TN rank. Together, the TN topology and TN rank
determine the TN structure. Different choices of TN topology
give rise to different TN decompositions. For example, ten-
sor train (TT) [36], tensor ring (TR) [37], and fully-connected
tensor network (FCTN) [38] correspond to chain, ring, and
fully-connected graph structures, respectively. Fig. 1 shows
their graphical representations for a fifth-order tensor.

TT decomposition represents an Nth-order tensor by a
chain of TN cores, consisting of two boundary matrices and
N —2 third-order tensors, with contractions performed only
between neighboring cores. Within the framework of TT de-
composition, Bengua et al. proposed two high-dimensional
image completion models with block coordinate descent
(BCD)-based solvers [39], Yang et al. introduced a tensor
robust principal component analysis (TRPCA) model with
an alternating direction method of multipliers (ADMM)-
based solver [40], and Dian et al. developed a hyperspectral
image (HSI) super-resolution model with an ADMM-based
solver [41]. TR decomposition represents an Nth-order ten-
sor by a cyclic sequence of N third-order TN cores, where
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Fig. 1. A graphical representation of TT, TR, and FCTN decompositions on a fifth-order tensor.

TABLE 1
Representation performance of different TN structures with all ranks
fixed at 2. The reported representation error is averaged over 500
independent tests.

Structure of test tensors Structure of TN decompositions
T 14 14 1)
g /U / 2 mﬂ@/\y @722 16 ﬂ 2/ 22 | 16 ’ 2
\ / \ \ / \ /
\ / \ / \ / \ \ /[
IS/@ 20 18/@ 4@20 18\% 4\5\20 18\% 4\%20
Representation error 0.06064 0.00083 0.00295

the first and last cores are connected. Within the framework
of TR decomposition, Qiu et al. introduced a noisy tensor
completion model and employed an ADMM-based algo-
rithm [42]. He et al. proposed a remote sensing image re-
construction model and developed an efficient algorithm by
combining the alternating least squares (ALS) method with
the augmented Lagrange multiplier method [43]. Wang et al.
proposed a deep neural network compression method [44].
However, the “chain” and “ring” topologies impose inher-
ent limitations on TT and TR decompositions. First, since
each core is directly connected only to its neighboring
cores, these models may be insufficient to characterize long-
range dependencies among different tensor modes. Second,
the representation ability of TT- and TR-based methods is
sensitive to mode permutations, as different mode orders
may produce different representations [45].

To address the aforementioned limitations of TT and
TR decompositions, Zheng et al. [38] proposed the FCTN
decomposition, which represents an Nth-order tensor by
N small-scale Nth-order TN cores with pairwise contrac-
tions among all cores. Within the framework of FCTN
decomposition, Zheng et al. proposed a multispectral im-
age inpainting model and designed a proximal alternating
minimization (PAM)-based algorithm [46], Liu et al. intro-
duced a TRPCA model with an ADMM-based algorithm
and established its exact recovery guarantee [47], and Li et
al. proposed a convolutional neural network compression
method for HSI classification [48]. Different from TT and
TR decompositions, FCTN decomposition allows pairwise

contractions among all TN cores. Such a “fully-connected”
topology strengthens its ability to model global correlations
across tensor modes and makes the resulting representation
invariant to mode permutations.

The topologies of the above-mentioned TN decomposi-
tion methods are predefined and fixed. In the real world,
however, each tensor is unique with specific structure and
characteristics. If a tensor has a simple structure, using a
TN decomposition with a complex topology may introduce
unnecessary computational complexity and lead to overfit-
ting, resulting in an inefficient representation. In contrast, if
a tensor has a complex structure, using a TN decomposition
with a simple topology may not be adequate to capture
the complex structural information of the tensor, leading
to degraded performance (see Tab. 1). Therefore, the choice
of topology for a TN decomposition should be tailored
to the specific structure and characteristics of the tensor,
and selecting the most suitable topology can result in a
more accurate and efficient TN decomposition. In addition
to TN topology, determining an appropriate TN rank is
also difficult in practical applications. Recently, researchers
have imposed various regularization techniques, such as the
sum of nuclear norms, Tikhonov regularization, and group
sparsity constraints, on TN cores to reduce the impact of
the selection of TN rank [49], [50], [51]. However, this strat-
egy mainly alleviates rank-selection sensitivity in particular
tensor recovery tasks, rather than fundamentally addressing
the joint determination of TN topology and rank.

TN structure search (TN-SS) aims to identify an appro-
priate TN structure, including both TN topology and TN
rank, to achieve a compact and efficient representation of a
given tensor, thereby enhancing storage and computational
efficiency [45], [52], [53], [54], [55], [56]. For the challenging
TN-SS problem, the sampling-evaluation framework pro-
vides a straightforward method, which involves generat-
ing various candidate TN structures (sampling) and sub-
sequently evaluating their effectiveness or performance in
representing the given data or accomplishing specific tasks
(evaluation). Different sampling strategies play a critical role
in determining the search efficiency and performance of TN-
SS methods. The choice of sampling approach influences
both the exploration of candidate structures and the cover-
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Fig. 2. (a) A graphical illustration of SVD. (b) A graphical illustration of SVD-inspired TN decomposition on a fifth-order tensor. (c) Comparison
of compression ratio (J) and run time ({) for different methods on the light field image Knights under an error bound of 0.05, where TR [37] and
FCTN [38] are fixed-topology TN decomposition methods, and TNGreedy [52], TNGA [53], TNLS [45], and TNALE [54] are TN-SS methods.

age of the search space, thereby striking a balance between
computational cost and the quality of the identified TN
structures. For instance, Hashemizadeh et al. [52] adopted
an arithmetic increasing sampling method, initializing with
the simplest TN structure. While this approach offers higher
search efficiency, it tends to be unstable and susceptible to
being trapped in local minima. In contrast, Li et al. [53]
employed a genetic-algorithm-inspired sampling method,
which starts with a set of random TN structures. This
method is effective at avoiding local minima, but it requires
sampling a large number of TN structures, making it signif-
icantly more time-consuming. However, regardless of how
advanced the sampling strategy is, the sampling-evaluation
framework inevitably requires numerous repeated structure
evaluations, which makes it computationally expensive and
limits its practical applications. Therefore, a non-trivial chal-
lenge is to directly construct a structure-revealing TN decom-
position paradigm to bypass the heuristic sampling-evaluation
framework, thereby reducing the computational burden.

In this paper, we construct a structure-revealing TN
paradigm for the first time, termed SVD-inspired TN de-
composition (SVDinsTN). SVDinsTN inserts a series of diag-
onal matrices between any pair of TN cores in FCTN decom-
position and reveals a compact TN structure by promoting
the sparsity of the inserted diagonal matrices (see Fig. 2(b)).
The intuition behind SVDinsTN is inspired by the matrix
SVD, where the non-zero diagonal entries determine the
matrix rank. Similarly, the non-zero entries of the inserted
diagonal matrices in SVDinsTN determine the FCTN rank.
Since an FCTN rank corresponds to a unique TN structure
(see Property 1), sparsifying these diagonal matrices enables
SVDinsTN to reveal a compact TN structure.

Based on SVDinsTN, we construct an energy function
that jointly considers the representation error and the com-
plexity of the TN structure. By minimizing this energy
function, the TN cores and diagonal matrices are iteratively
updated, and a sparsity-inducing function is imposed on the
diagonal matrices to reveal a compact TN structure. This
directly avoids repeated sampling and evaluation of can-
didate TN structures. Notably, the proposed method does
not require specially designed sparsity-inducing functions
or dedicated solvers. Instead, the standard ¢;-norm or /-

norm, combined with proximal alternating minimization,
is sufficient to achieve significantly higher computational
efficiency than state-of-the-art (SOTA) TN-SS methods, with
up to 1000-fold acceleration (see Fig. 2(c)).

To demonstrate the practical applicability of SVDinsTN
in real-world scenarios, we apply it to neural network com-
pression, remote sensing image cloud removal, and tensor
robust principal component analysis. Experimental results
show that SVDinsTN can identify a data-adaptive TN struc-
ture and achieve superior performance over existing fixed-
topology methods.

In the proposed framework, a major challenge is the high
computational cost in the initial iterations, which arises from
using a “fully-connected” topology as the initial configura-
tion. To address it, we first theoretically establish an upper
bound for the TN rank and then design an initialization
scheme. This scheme restricts the rank on each edge of the
initial TN topology to a smaller range, thereby effectively
reducing the computational cost in the initial iterations.

This article extends the material published at CVPR [57].
The new contributions are as follows: (1) We establish the
theoretical foundations of the SVDinsTN paradigm, encom-
passing its modeling and computational framework, offer-
ing profound insights to enhance understanding and opti-
mize practical implementations (see Sections 3.1 and 3.2).
(2) Moving beyond the ¢;-norm, we construct a generalized
energy function that facilitates the exploration of more ef-
fective sparsity-inducing functions, driving further perfor-
mance improvements. Furthermore, we analyze the influ-
ence of various sparsity-inducing functions in real-world
applications (see Sections 3.2 and 5). (3) We present foun-
dational SVDinsTN-based models tailored for diverse real-
world tasks, such as neural network compression, remote
sensing image cloud removal, and tensor robust principal
component analysis, highlighting its versatility and effec-
tiveness as a core tool for these applications (see Section 4).

The outline of this article is as follows. Section 2 in-
troduces notations and preliminaries. Section 3 defines
SVDinsTN, constructs an energy function, develops the
corresponding optimization method, and conducts exper-
iments to show the effectiveness of SVDinsTN. Section 4
applies SVDinsTN to real-world applications and compares



SVDinsTN with SOTA tensor methods. Section 5 discusses
the impact of different sparsity-inducing functions and key
parameter settings. Section 6 concludes the article.

2 NOTATIONS AND PRELIMINARIES

A tensor is a multidimensional array, and the number of
dimensions, also called modes, is referred to as the tensor
order. We use bold lowercase letters, e.g., x, bold uppercase
letters, e.g., X, and calligraphic uppercase letters, e.g., X,
to denote first-order tensors (vectors), second-order tensors
(matrices), and Nth-order tensors (N > 3), respectively. For
an Nth-order tensor X € R/1x2X-xIN jtg Frobenius norm
is | X||Fr= Zil,iz,»-- in |X (41,42, -,in)|? and its £1-norm
is | X1 =22, 4y iy [X (01,42, in)|. To simplify nota-
tion, we let X;.q denote the ordered set {X}, X, -+, Xy},
Ky denote the set {1,2,---, N}, and TLy denote the set
{(t,)|1<t<I<N;t,l € N}. We use 7(N) to denote the set
of all possible rearrangements of the sequence (1,2,--- , N).
We next review several operations on tensors [38].

Definition 1 (Transposition). Let X € RIv*I2x--xIN and
n = (n1,na,...,ny) € 7(N). The n-based transposition
of A’ is obtained by permuting its modes according to the
order n, and is denoted by X" € RIn1 X Iny X XIny  Thig
operation is written as xr = transpose(X, n), and its
inverse is written as X’ = itranspose(AX™, n).

Definition 2 (Unfolding). Let X € RI1>x[2XxIn pn ¢ 7(N),
and d € {1,2,--- ,N — 1}. The [T\, In, x [T oy In,
matrix X[’rb1:d|nd+1:N] satisfying X[n1;d|’rbd+1;1\r](j17j2) =
X(il,iz, v ,ZN) with

d s—1
ﬁ=%+ZQM—UH%0,
s=2 N m=1 L
J2 = ind+1 + Z <(Zns - 1) H Inm> s

s=d+2 m=d+1
is called the (n,d)-based unfolding of X. The cor-
responding operation and its inverse are written as
X[nlzdlnd+1:N] = GenUnfold(X,nl;d|nd+1;N) and X =
GenFold(X[n, s 1.n]> P1:d|d+1:N ), respectively.

We also use X ;) to denote X(g1,2,... k—1,k+1,-.-,N], Since
it is the traditional mode-k unfolding of X [10]. Besides, we
use X (i) = Unfold(X, k) and & = Fold(X 4, k) to simply
denote the traditional mode-k unfolding operation and its
inverse operation, respectively.

Definition 3 (Tensor Contraction). Let X € RIixI2x--xIn
and Y € RIXJ2xxJIm gatigfy [, = J,,, for i =
1,2,---,dand d € {1,2,--- ,min{M, N}}. Here n €
m(N) and m € w(M) satisfy that ng11 < ngye < -+- <
ny and mg11 < mgq2 < --- < myy, respectively. The
tensor contraction between the modes indexed by n;.q
of X and the modes indexed by m;j.q of Y yields an
(N + M — 2d)th-order tensor

_ mi.d Ty XXy X g g X X T
Z=X X i Y € R md+1 N d+1 M

whose entries are formulated as

Z(Z’!Ld+1 s tny s Jmayrs 'a.]mM) =
Inl 1712

Ind
SN ST A gy g i)

ing=ling=1 in,=1

—.

ym(inla' : '7ind7jmd+17‘ : '7ij)}'

The operation diag(X) extracts the diagonal entries of a
matrix X and returns them as a column vector. Conversely,
when the input is a column vector x, diag(x) constructs
a diagonal matrix with the entries of x along its main
diagonal. The function ones(Iy, I2, ..., Iy) creates a tensor
of size It X Iy x -+ x Iy, with every element set to 1. The
operation vec(X) transforms the tensor X into a column
vector by reordering its entries in lexicographical order.

2.1 Tensor Network Decomposition

A tensor network (TN) decomposition represents a large-
scale higher-order tensor through a set of smaller tensors,
referred to as TN cores. These cores are contracted along
some or all modes according to specific rules [34]. This
article focuses on a particular type of TN decomposition,
where TN cores are connected through tensor contractions
and the TN topology is an unweighted simple graph. Addi-
tionally, in the representation of an Nth-order tensor &', this
type of TN decomposition uses exactly N TN cores, each
corresponding to a different mode of &. In this type of TN
decomposition, the choice of TN topology leads to distinct
decomposition formats. Notable examples of such formats
include the TT decomposition [36], TR decomposition [37],
and FCTN decomposition [38].

TT Decomposition [36] represents an NNth-order tensor
X E Rll XIQX---XIN as

Ri2 Ra3 Rn_1,N
X(ilaiQa"';iN): Z Z Z
r1,2=17r23=1 rv_—1,n=1 (1)

G1(1,71,2)G2(r1,2,92,T2,3) - - -

Gn_1(rN—2,N—1,iN-1,"N-1,N)GN(rN=1,N,IN),
where G € RIxfiz G ¢ REs—16xXTexBikst for f =
2,3,---,N —1,and Gy € REN-1.8XIN are TT cores. We
denote (1) by X = TT(Gy, {Gx}h 5", Gn) and define the
TT rank as rrr = (Ri2, Ra3, - , Ry—1,n) € RV 7L,

TR Decomposition [37] represents an Nth-order tensor
X e RII ><12><---><IN as

Ri2 Rags Ry-1,N Rin
Xlinio,ovin) = D 3, D >
r1,2=1rz3=1 rN—1,N=171 n=1 (2)

Gi1(ri,n,01,71,2)G2(r1,2,42,723) - - -

ON-1(rN—2,N-1,iN-1,"N—-1,N)ON("N=1,N,iN,T1,N),
where G, € REu~NXIiXBi2 G c REk—16X X Fe k1 for | =
2,3,---,N —1,and Gy € REN-1,8XINXE1N gpe TR cores.
We denote (2) by X = TR({Gx}&_,) and define the TR rank
asrrR=(Ry2,Ra3, -, R n) € RV,



Algorithm 1 X = FCTN({G}1_,).

Input: G € RF1RX X Rh—1, X e X Ri k1 XX RBe N for all k€ Ky.
a1:1,b1:2,andX:gl.
fori=1to N —1do
X=X x> 3 Gig

by,bg, -,
forj=1to:+1do
a; :j.
b =2+ (5 —1)(IN —1).
end for
end for

Output: X € RIixf2xxIn,

FCTN Decomposition [38] represents an Nth-order tensor
XeRllXIQX---XIN as
X(ilai27“'7iN =
Ri2 Rigs Ri,N Ro23

7‘1,2:1 T1,3:1

Gi(i1,r1,2,71,3,- - ,T1,N) &)
Go(r1,2,42,72,3, -+, T2,N) -~ -

Gr(r1 ke, T2ds s Th—1,ks Uy Th kit 1y " * 5 TRN) “ " °
GN(T1,N,T2,N, - s TN-1,N,IN ),

where Gj, € REL#X X Bimp X kX Ric kX Bin for all k €

Ky are Nth-order tensors, called FCTN cores. We denote

(3) by X = FCTN({Gx}1_,) and define the FCTN rank as

rF}(\I]’{]]}]Iff (Ri,2,R13, -, R1,N,Ro3, -, Ran, -, RN_1,N) €
. Algorithm 1 gives a way to compute (3).

R™=
Fig. 1 illustrates the structures of TT, TR, and FCTN
decompositions. TT and TR represent an Nth-order tensor
using low-order cores connected only to their neighboring
cores. This local connectivity improves storage and com-
putational efficiency, but may limit their ability to model
global correlations among tensor modes. In contrast, FCTN
allows pairwise contractions among all TN cores, which pro-
vides stronger flexibility for capturing global dependencies.
However, the transition from “chain” to “ring” and then
to “fully-connected” topology also increases the complexity
of TN decompositions. As a result, more rank parameters
need to be determined, making the deployment of TN
decompositions more challenging in practical applications.

Remark 1. The TN decompositions considered in this article
can be regarded as special instances of FCTN decom-
position. In a TN structure, an edge with rank one
does not introduce an effective interaction between two
cores and thus can be removed without changing the
represented tensor. Therefore, when an element of the
FCTN rank equals one, the corresponding edge in the
“fully-connected topology” can be omitted. For example,
if the FCTN rank is (R; 2,1,...,1,Ra3,1,..., RN_1,N),
the “fully-connected” topology can be seamlessly trans-
formed into a “chain” topology (TT decomposition), and
the TT rank is (RLQ, Rg’g, ceey RN*LN)-

The statement in Remark 1 can be rigorously described
in the following formal statement.

Property 1. [58] There is a one-to-one relationship between
the FCTN rank and the TN structure.
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Based on Property 1, we can transform the TN structure
search problem into an FCTN rank optimization problem.

3 SVD-INSPIRED TN DECOMPOSITION

In this section, we define SVDinsTN and present its re-
lated theories. We then construct an energy function and
develop the corresponding optimization method to reveal
the TN structure concurrently with the computation of the
TN cores. Finally, we perform experiments to validate the
effectiveness of SVDinsTN.

3.1 SVDinsTN
The definition of SVDinsTN is given as follows.

Definition 4 (SVD-inspired TN decomposition, SVDinsTN).
Let X € RI1x[2X-XIN e an Nth-order tensor that can
be represented as

X(ihiz, . ,iN) =

Ri2 Ris Rin  Rags Ra n Rn_1,n
ra=lra=l rn=lra=l ron=1 ry_1n=1
S1,2(r1,2,71,2)81,3(71,3,71,3) -+~ S1,n (11,8, 71,N)
So3(re3,72,3) - Sa.N(ra,N,To.N) - - @
Snoi,N(rN—1,N,"N=1,N)
Gi1(i1,71,2,71,3," " ,T1,N)
g2(7"1,2, 12,723, " ,TQ,N) T
Gr(T1ks T2,ks " 3 Th—1k Ty Tho k17" > Th,N) **
OGN (TN, T2, N, TN=1,N,IN ),

where S; ; € RF«1*Bui are diagonal matrices for (t,1) €
TLy, and Gi, € RE1 kXX R 1,k X I X Rig k1 XX R N gre
Nth-order tensors for £k € Ky, which are called TN
cores. We simply denote (4) by X = STN(G, S) and call
it an SVDInsTN of X, where G represents {Gi|k € Ky}
and S represents {S; ;|(¢,1) € TLy }.

The following theorem explains how SVDinsTN effec-
tively reveals the TN structure.

Theorem 1. SVDIinsTN can be transformed into a TN de-
composition, where the numbers of non-zero diagonal
entries in the diagonal matrices determine the TN struc-
ture, including the TN topology and TN rank.

Proof. Assume that X € RI1*2XXIN jg an Nth-order
tensor and can be expressed as X = STN(G, S), where G
and S are defined as in Definition 4. We let

g1 =G Xé S1,2 X% S1,3 X% ce X% Si,n
Go = Ga X3 Sa3 X5 S04 X3+ X3S N
; ©)
ON_1=0Nn_1 XNSN_1N
gy =GN

then we have X = FCTN({G\}._,). Without loss of gen-
erality, we assume that diagonal matrices S;; € RFt.1*Rei
for all (¢,1) € TLy have their first R;; diagonal entries as
non-zero, with all other entries being zero.



Algorithm 2 Generate matrix My, in Theorem 2.

Algorithm 3 Generate matrix H;; in Theorem 3.

Input: k€ Ky, G € RE o7 X X Ryer g gor XD por X Ryer sy g XX Ryr
forall k' € Ky with k' #k; S, € RF.*Fet forall (¢,1) € TLy.
Initialization: a=(1:k—1,N,k:N—1)and b = (k+1: N, 1:k).
fort =1to N and t # k do
forl=t+1to N do
Gt =G ><11+1 St
end for
if ¢ > k then
G =Gy Xi Sk,+ and G; = transpose(Gz, a).
end if
G: = transpose(Gy, b).
end for
c1 = 1, d1 = 2, and ./\/lk = Qb(l).
fori=1to N —2do
My = My Xéll’,ié:'.‘.'. ’;f,i Ob(i+1)-
forj=1toi+1do

Cj Ij.
dj =2+ —1)(N —1).
end for
end for

M, = transpose(My, (2(N —k)+1:2(N —1),1:2(N —k))).
e =ones(1,N — 1) and f = ones(1, N — 1).
fori=1to N —1do
e(i) = 2i and £(i) = 2i — 1.
end for
My = GenUnfold(My, (e|f)).
Output: My, € RIT=1 R [T R < T1S iar 1

Then, for each (t,1), the terms associated with r;; > Ry
make no contribution to the final tensor contraction. There-
fore, the summation range of each index 7, ; can be restricted
from {1,2,--, Ry ;} to {1,2,-++ , Ry, }. Let

Gr=Gk(1: Ry, 1: Ry gty L R 1, -+ L Ry )

for all k € Ky, we can obtain that X = FCIN({G}.}1_,),
where Gj, € REv#X X Biem1 X I X B e 1 XX Rie v Therefore,
SVDinsTN can be transformed into a FCTN decomposition
and the number of non-zero entries in the diagonal matrices
determines the FCTN rank. According to Remark 1 and
Property 1, Theorem 1 holds. O

Theorem 1 shows that SVDinsTN can identify a compact
TN structure through the sparsity of the inserted diagonal
matrices, while representing the given tensor using the TN
cores with these matrices incorporated. Therefore, we can
construct an energy function that jointly accounts for the
representation error and the complexity of the TN structure.
This formulation makes the model amenable to efficient
optimization with well-established algorithms. Before pre-
senting the method, we first introduce several theorems that
serve as its theoretical basis.

(1) Computing X = STN(G,S) with given G and S. In
fact, Theorem 1 provides a practical way to compute X =
STN(G, S). Specifically, we can first generate G using (5) and
then compute X = FCTN({Gx }_,) through Algorithm 1.

(2) Relationship between each TN core or diagonal matrix
and the remaining components. This relationship is essential
for the alternating optimization during the solution process,
since it enables us to iteratively refine each core or matrix
by fixing the others. This relationship is characterized by
the following two theorems.

Theorem 2. Let X € RI1xI2xXIN be an Nth-order tensor

Input: (¢,1)e TLy, Sy 1/ eRE v XBuvv forall (¢, 1")e TLy with
(tl, l/) 7& (t, l); Gr € RRl’kx~-><Rk,17k><Ik XRp k41X XRp N for
all ke Ky.
fort' =1to N —landt #tdo

for!’ =t +1to N do
Gy =Gy X%UA S
end for
end for
for!’=t+1to Nand! #1do
if I’ <[ then
G =G le+1 St
else
Gt =Gt Xi12 S
end if
end for
G: = transpose(Gy, (1 : t,t +2: 1,t + 1,1+ 1: N)).
H,, = ones(l_[/{j:1 I, Re ).
G. = Unfold(Gr, 1) and G; = Unfold(G, t).
fori=1to R;; do
G: = Fold(G«+(4,:),1) and G; = Fold(G(4,:), t).
H,i (1) = vee(FCTN({Ge K ).
end for N
Output: H,; € RIk=17xFer,

expressed as the SVDinsTN in (4), where G, is a TN
core for k € Ky, and My, is the composition of all
TN cores and diagonal matrices except Gy, computed by
Algorithm 2. Then, the following equation holds:

Xy = Gk () M.

Theorem 3. Let X € RI1*x12X-XIN be an Nth-order tensor
expressed as the SVDIinsTN in (4), where S, ; is a diag-
onal matrix for (¢,I) € TLy, and H;; is the composi-
tion of all TN cores and diagonal matrices except S,
computed by Algorithm 3. Then, the following equation
holds:

x = Hy 84,

where x = vec(X) and s,; = diag(S; ).

It is worth noting that Theorems 2 and 3 also allow
us to transform the complex tensor equation into a matrix
equation, simplifying the optimization process. The follow-
ing remark provides a brief third-order case to illustrate the
basic ideas behind the generation of My, and Hy ;.

Remark 2. For example, consider a third-order tensor. To
generate M3, Algorithm 2 incorporates the associated
diagonal matrices into the TN cores except Gs. The pro-
cessed cores are then contracted along the shared rank
dimension and unfolded to obtain M. Similarly, to gen-
erate Hj 3, Algorithm 3 preserves Ss 5 and incorporates
the remaining diagonal matrices into the corresponding
TN cores. Then, G2 and G3, which share the rank-R; 3
mode, are unfolded along this rank dimension. Each
rank component is subsequently contracted with the re-
maining core and vectorized to form the corresponding
column of Hj 3.

(3) An upper bound for the TN rank (structure). This upper
bound provides valuable guidance for designing an efficient
initialization scheme in practical applications. This is for-
malized in the following theorem.



Theorem 4. Let X € R11X12XXIN be 3 non-zero Nth-order
tensor. Then there exists an SVDinsTN (4) with the rank
Rt,l < min(rank(X(t)), rank(X(l))) for all (t, l) € TLy.

Before proving Theorem 4, we first establish a lemma
that plays a pivotal role in the proof of Theorem 4.

Lemma 1. Let X € RI1*12XXIN he 3 non-zero Nth-order
tensor. Then there exists an SVDinsTN with the rank
Rt,l < min([t,fl) for all (t, l) € TLy.

Proof. Without loss of generality, we assume that I; >
Iy > - > Iy, and set Ry; = min(I;, [;) = [; for all (¢,1) €
T]LN Let gk‘ c RRl,kXRz,k><"'><ka1,k><IkXRkyk+1><~~-><Rk‘N fOI'

all k € Ky satisfy G; = X and

Gr(Tik, T2y s The1,ky Uy Th k15" ** 5 TE,N)
1, ifTLk :ik,rmk = 1 (m:2,-~ ,k’*l),
= andrgp,=1(n=k+1,---,N),

0, otherwise,

fork=2,3,--- ,N.Also, letS;; € REx B for all (t,1) €
TLy be identity matrices. Then we have X = STN(G, S).
Thus, there exists an SVDinsTN with R;; < min([y, I;) for
all (¢,1) € TLy. Therefore, Lemma 1 holds. O

Below, we prove Theorem 4, which asserts that for
an Nth-order tensor X € RIxT2x-XIn the Tucker rank
(r1,r2, -+, ry) = (rank(X(q)), rank(X(2)), - - -, rank(X )
serves as an upper bound for the TN rank.

Proof. Without loss of generality, we assume that the
Tucker rank of X satisfies r; > r9 > --- > rpy. Then, there
exists a Tucker decomposition as follows:

X:CX1U1 X2U2 X3~~~XNUN,

where C € R™ X72X X"~ [, € RIFX" fork =1,2,--- , N,
and Xy, is the k-mode product. According to Lemma 1, for
the tensor C, there exists an SVDinsTN with R,; = r; for
all (t,1) € TLy. That is, C = STN(G, S), where G represents
{Grlk € Ry}, Gy € RIFXXTRXThXThp1 XTht2 X XTN for g]]
k€ Ky,and S;; € R™*" for all (¢,1) € TLy. Let

Gr = Gr x3, Uy, forall k € Ky.

Then we have X = STN(G, S). That is, the SVDinsTN of X
always exists with R;; = r; for all (¢,1) € TLy. Therefore,
Theorem 4 holds. O

3.2 An Energy Function for SVDinsTN

Based on SVDinsTN, we construct an energy function that
accounts for both representation error and the complexity of
the TN structure simultaneously. Mathematically, the energy
function is defined as

£(G.8) = 511X ~SIN(G. S)l% + Ao(S) + up(@),  (©

where X is a given tensor, A, 4 > 0 are balance parameters,
|X — STN(G,S)||% is used to measure the representation
error, ¢(-) is a sparsity-inducing term used to capture the
complexity of the TN structure, and ¢(-) is a constraint
used to bound the feasible range of G. This energy function
allows us to leverage various sparsity-inducing terms, such
as {yp-norm, ¢1-norm, and log-norm, to learn the number of
non-zero entries in S. Additionally, it provides the flexibility
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to impose different constraints on G to constrain the feasible
range of G. By minimizing the energy function, the TN cores
and diagonal matrices in SVDinsTN are updated iteratively,
with the sparsity of the diagonal matrices revealing a com-
pact TN structure.

Below, we consider the basic ¢;-norm for diagonal ma-
trices and the squared Frobenius norm for TN cores as an
illustrative example. A more detailed discussion of other
sparsity-inducing terms can be found in Section 5. The /-
norm-based energy model can be formulated as

1 2 M 2
un §HX — STN(G, S)[|F + 5 ZkEKN Gk

* Z(U)GTLN AetllSellr,

where \;; > 0 controls the sparsity of diagonal matrices
and p > 0 balances the regularization of TN cores.

We employ the basic PAM [59] to solve (7), which alter-
nately updates the TN cores and diagonal matrices with a
proximal term incorporated into each block subproblem to
enhance optimization stability. Under this framework, the
update subproblems are formulated as follows:

o1
Gy =axgmin 31X —STN(G,S) 5+ 5163
k

+ 211Gk~ G| %, VE € Ry,

2 (®)

St’l:argmin §||X—STN(Q,S)||%+>\t,lHStyl||1
t,l

+2018eu=S8uil}, ¥(t,1) € TLy,

where p >0 is a proximal parameter, and Qk and St! ; denote
the corresponding solutions from the previous iteration.

1) Update Gy, for k € Ky: Based on Theorem 2, the G-
subproblem can be reformulated as

.1 W
min = || X ) — Gk(k)Mk”% + *HGk(k)”%
Gruy 2 2

o o ©)
+ 51Gkgr) = Grw I
whose solution is
A —1
Gigry = (XyME+pGrry) (MeME+(utp)I) . (10)

2) Update S, ; for (t,1) € TLy: Based on Theorem 3, the
S¢,;-subproblem can be reformulated as

1 .
min = |x—Hysellp A seli-Slse—seld. a1
t,

We use ADMM [60] to solve the S; ;-subproblem, which
can be reformulated as

min
S¢,1,d¢,1

s.t. St,1—q¢,l :O,

1 N
Sl [F 4 Anllse ot Sllsei—se

2
"2

where q;; is an auxiliary variable introduced to facilitate
the solution. We first formulate the augmented Lagrangian
function for the problem in (12) as

1
Lg, ,(St0, 96,0, Pei) = 3 llx—Heae||F+Aellsel

Pt H2

+c
,Btvl P t,ly

5 Bt,i
S lsea=8ellp+ S5t sea—ata+



Algorithm 4 Generate matrix Wy, in (17).

Input: k€ Ky, G € RE o7 X X Ryer g gor XD por X Ryer sy g XX Ryr
forall ¥ € Ky and k' #k
Initialization: b= (k+1: N,1: k).
fork' =1to Nand k¥’ # k do
Gy = transpose(Gy/, b).
end for
Cc1 = 1, d1 = 2, and Wk = gb(l).
fori=1to N —2do
Wi = Wi lelffz ’f{i Gb(i+1)-
forj=1toi+1do

c; =]
d; =2+ (j — 1)(N —i).
end for
end for

Wi, = transpose(Wy, (2(N —k)+1:2(N —1),1:2(N —k))).
e =ones(1,N — 1) and f = ones(1, N — 1).
fori=1to N —1do
e(i) =2iand f(i) = 2 — 1.
end for
W, = GenUnfold(W, (e|f)).
Output: W), € RITE= Row Tk Ar XTI ien 1i

where p;; is the Lagrangian multiplier, 8;; > 0 is the
penalty parameter, and c;; is a variable that is indepen-
dent of both s;; and q;;. Then, we iteratively update the
variables q; ;, s¢;, and p¢; as

qr; = argmin Lg, (8¢, ¢, Pt,1)s
qe,l

sy, = argmin Lg, ,(S¢1,9¢,1, Pt.1), (14)
S¢,1
Pt =Pt + Bei(Se — dei)-
That is,
1
qt,1 = [HtT,lHt,l +ﬁt,lI] [H{71X+Bt,lst,l+pt,l} )
S — A
Si1 :shrink(pst’l+6t’lqt’l I)t,l7 t,l )’ (15)
’ p+Bt p+ Bt

Pt i =Pt 1+ Be1(Se,1—qe1)s

where [shrink(a, b)](i) = sign(a(i)) max(|a(i)| — b,0), and
sign(a(i)) preserves the sign of a(7).

According to Theorem 1, once the number of non-zero
entries in the diagonal matrices stabilizes, we can transform
the optimization problem (7) into the following problem:

1 5 1N 2 1Y = 112
min 21 - FCTINUG LI + 53, Gl a6)

where G}, for k € K are obtained from (5). We adopt FCTN
decomposition for consistency, since all TN decompositions
discussed in this article can be viewed as special instances of
FCTN decomposition, as demonstrated in Remark 1. Within
the PAM framework, the solution to (16) can be obtained by
alternately updating Gy, as follows:

Gty = (X ooy Wi+0Gr ) (We Wi (utp)T) ', (17)

where Wy, is computed using Algorithm 4.

In our algorithm, if the number of non-zero entries in the
diagonal matrices remains unchanged for 10 consecutive it-
erations, we simplify problem (7) into (16). This transforma-
tion affects both optimization efficiency and solution quality.
From the perspective of optimization efficiency, the diagonal
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matrices in problem (7) require iterative updates through
an inner ADMM procedure due to the non-smooth sparsity
regularization. After the transformation, these updates are
avoided, reducing the subsequent computational cost. From
the perspective of solution quality, the inner ADMM pro-
cedure only provides approximate solutions within limited
iterations, and the resulting errors may affect later updates.
Once the TN structure has stabilized, absorbing the stable
non-zero components into the TN cores allows problem (16)
to directly refine the cores under the identified structure,
leading to a more stable and accurate solution.

3.3

SVDinsTN begins with a “fully-connected” topology as its
initial setup, which results in substantial computational
demands during early iterations when the TN ranks R; ; for
all (¢,1) € TLy are initialized with large values. To alleviate
this, we propose an innovative initialization strategy that
efficiently reduces the initial TN rank values.

In Theorem 4, we demonstrate that for an Nth-order
tensor X, an SVDinsTN exists with the TN rank R;; <
min(rank(X ) ), rank(X;))) for all (,1) € TLy. Therefore,
the initial R;; can be set to min(rank(X), rank(X;))).
For real-world data, this value is usually reflected by the
rank of mode-(¢, 1) slices' of X. Therefore, we initialize Ry
and S ; through a truncated SVD of mode-(t, ) slices of X,
following these two steps.

Step 1: First, calculate the mean of all mode-(¢, 1) slices of
X, denoted by X, ;. Then, perform SVD on X;; to obtain
St1 € Rmin(e. 1)) - where the entries of St represent the
singular values of X ;.

Step 2: Next, apply the shrinkage operation to s;; as

Initialization Scheme

st = shrink(sy,;, 7o max(s¢ 1)),

and remove all zero entries. Then, set S;; = diag(s;;) and
define the number of entries in s;; as R; ;.

In real-world applications, the shrinkage operation in
Step 2 reduces the initial value of R;; by setting small
singular values in s, ; to zero, thereby alleviating the com-
putational cost during the early iterations of SVDinsTN. The
parameter 7 only controls the initial TN rank. Since the TN
structure is further refined during optimization, the method
remains stable within a reasonable range of .

In Algorithm 5, we outline the pseudocode for optimiz-
ing model (7). Below, we provide a brief analysis of the
computational complexity.

Computational complexity. For simplicity, we assume
that all modes of the Nth-order tensor X have the same
dimension I, and all TN ranks are equal to R with R < [.
Under this setting, the computational complexities of TT,
TR, and FCTN are given by

N-2
(’)(N S O IFRP 4 (N - 2)(INR* + IV 'R 4 RG)), (18)
k=2

N—-1
O(N S IR 4 NUINR*+ INT'R 4+ R6)), (19)
k=2

1. Mode-(t, 1) slices are obtained by fixing all but the mode-t and the
mode-I indices of a tensor [61].



Algorithm 5 PAM-based algorithm to optimize model (7).

Input: A tensor X € R'**/2%*IN and a parameter .
Initialization: Initialize S;; and R;; through the initialization
scheme in Section 3.3 and let 3;; = 1 for all (¢,1) € TLy; let
Gr=1/vIrones(R1 x, Ro ke, -, Ri—1,k, Iy Ric ket1, -+, Rie )
forallk €e Ky, u=1,p=0.001,and A = 1. Let X = X.
for i = 1 to 500 do
Let X = X.
if A#0then # Solve
fork=1to N do
Update Gy (x) using (10).
Let G, = FOld(Gk(k), k’)
end for
fort=1to N —1do
forl=t+1to N do
Let A,y = ymax(diag(S¢,:))(p + Bt,1)-
for j =1to5do
Update q. i, s¢,i;, and py; using (15).
end for
Delete zero entries in sy ;.
Delete the corresponding parts of G; and G;.
Let S;,; = diag(s¢,1).
Let the size of s¢,; be Rﬁ?
end for
end for
Let X = STN(G, S).
# TN Structure Stability Judgment.
if ¢ > 10 then ) _
Let A = max{| Ry} — R " [}uperLy-

(7).

if A =0 then_
Generate Gy, for all £ € Ky using (5).
end if
end if
else # Solve (16).

fork=1to N do
Update Gy (x) using (17).
Let G, = FOld(Gk(k), k)
end for ~
Let X = FCTN ({Gk }121).
end if
# Convergence Judgment.
if |X — X||r/||X||F < 107° then
Break the loop.
end if
end for
Output: G for all £ € Ky (generated using (5) if A # 0) and
Rgll) for all (¢t,1) € TLy.

and

N
O(NZIkRk(N—k)+k—l +NIN_1R2(N_1)>7 (20)
k=2
respectively. SVDinsTN is built upon the FCTN framework
and additionally updates the diagonal matrices S to reveal
the underlying TN structure. Therefore, when S is updated
separately, its computational complexity is

N
o <N2 D IFRMNTRIER L NATRN 4 NQINRQ), (1)
k=2
which is higher than that of FCTN in the early iterations.
Once S is absorbed into the TN cores G, the computational
complexity decreases to (20). In practice, the actual run time
also depends on the learned TN ranks, and a compact TN structure
with smaller ranks can reduce the practical computational cost.

TABLE 2
CR ({) and run time (x1000s, |) of different methods under an RE
bound of 0.01. Results are averaged over five independent tests, and
“~” denotes “out of memory”.

Method 6th-order 8th-order 10th-order
CR Time CR Time CR Time

TR 1.35% 0.006 0.064% 0.034 - -

FCTN 2.13% 0.002 - - - -
TNGreedy 0.88% 0.167 0.016% 2.625 0.0008% 45.39

TNGA 0.94% 3.825 0.024% 51.40 - -

TNLS 1.11% 0.673 0.038% 59.83 - -

TNALE 1.65% 0.201 0.047% 19.96 - -
SVDinsTN  1.13% 0.002 0.016% 0.017 0.0007% 0.608

3.4 Numerical Results

To evaluate the performance of SVDIinsTN, we conduct
experiments on both synthetic and real-world datasets. The
compared methods include two fixed-topology TN decom-
position methods, i.e., TR [37] and FCTN [38], and four
TN structure search (TN-SS) methods, i.e., TNGreedy [52],
TNGA [53], TNLS [45], and TNALE [54]. The goal of this
experiment is to show that SVDinsTN can significantly reduce
computational time while achieving representation ability com-
parable to state-of-the-art TN-SS methods. Meanwhile, we also
examine whether it provides stronger representation ability than
fixed-topology TN decomposition methods.

To quantify the performance, each test tensor is repre-
sented by different methods, and the corresponding compres-
sion ratio (CR) is reported under a prescribed representation
error (RE) bound. Here, CR is defined as Fg/Fx x 100%,
where I represents the number of entries in the TN cores
used to approximate the original tensor, and Fl is the total
number of entries in the original tensor; RE is defined as
|X — X||#/||X]||r, where X denotes the original tensor and
X is the approximated tensor. Through this setup, a smaller
CR indicates a more compact representation, provided that
the RE satisfies the prescribed bound. In all tests, the pa-
rameter 7 is selected from [10~7,107?]. The parameters of
all compared methods are manually tuned according to their
released codes to achieve their optimal performance.

Synthetic data. We generate five tensors for each of the
6th-, 8th-, and 10th-order cases. For each tensor, the TN cores
Gy for all k¥ € Ky and the diagonal matrices S;; for all
(t,1) € TLy are first generated, where each entry is inde-
pendently sampled from the uniform distribution on [0, 1].
The synthetic tensor is then constructed as X = STN(G, S).
For each synthetic tensor, the size of each tensor mode, the
number of edges in the underlying TN topology, and the
rank on each edge are randomly selected from {5,6, 7,8},
{6, 8,10}, and {2, 3}, respectively.

We compare SVDinsTN with the baseline methods in
terms of CR and run time, where all methods are required to
satisfy an RE bound of 0.01. The results are summarized in
Tab. 2. It can be observed that SVDinsTN significantly out-
performs the fixed-topology TN decomposition methods,
such as TR and FCTN, in terms of CR, demonstrating that
it can produce a more compact structure than predefined
topologies. Furthermore, compared with TNGreedy, TNGA,
TNLS, and TNALE, SVDinsTN is approximately 100 to 1000



TABLE 3
CR ({) and run time (x1000s, |) of different methods on light field data
under different RE bounds.

Method RE: 0.01 RE: 0.05 RE: 0.1

CR Time CR Time CR Time
Bunny
TR 60.5% 1354 17.4% 0471 5.31% 0.118
FCTN 65.1% 13.08 209% 0.473 3.93% 0.041
TNGreedy 26.1% 11.02 6.32% 1.021 2.34% 0.362
TNGA 27.9% 1014 5.01% 180.3 2.25% 12.52
TNLS 24.3% 1402 4.26% 63.70 2.16% 2453
TNALE 26.3% 1445 4.52% 1836 2.26% 3.064
SVDIinsTN 22.4% 0.745 6.92% 0.029 2.66% 0.005
Knights
TR 74.7% 1031 26.9% 3.835 9.15% 0.423
FCTN 73.5% 1235 20.9% 0.619 3.93% 0.014
TNGreedy 32.1% 1253 7.55% 1366 3.50% 0.481
TNGA 38.7% 9129 5.01% 1402 244% 1252
TNLS 27.3% 1286 4.73% 7551 2.15% 5.320
TNALE 27.6% 2664 4.52% 25.05 210% 3.386
SVDIinsTN 32.0% 1.548 5.64% 0.104 2.76% 0.019
Truck

TR 62.8% 17.62 22.6% 1.738 6.00% 0.090
FCTN 69.3% 7.735 20.9% 2953 3.93% 0.159
TNGreedy 269% 6.676 7.26% 1259 3.35% 0.488
TNGA 279% 1029 5.01% 170.3 2.85% 14.83
TNLS 26.4% 992.6 4.99% 119.8 2.57% 19.35
TNALE 24.7% 239.3 5.77% 1954 2.90% 5.160
SVDinsTN 23.5% 1.051 6.42% 0.152 2.83% 0.023

times faster while maintaining comparable CR values. This
is because TNGreedy, TNGA, TNLS, and TNALE rely on
a sampling-evaluation framework, which requires numer-
ous repeated structure evaluations. In contrast, SVDinsTN
does not require repeated structure sampling and evalua-
tion. Moreover, SVDinsTN is capable of handling tensors
of higher orders, up to 10th-order tensors. In contrast, all
other compared methods, except TNGreedy, are unable to
process tensors of this order. The underlying reason is
that, in SVDinsTN, the shrinkage operation used during
initialization constrains the initial TN ranks to relatively
small values, thereby enhancing both storage and computa-
tional efficiency. During iterative optimization, the sparsity-
inducing term further promotes a compact TN structure,
leading to a more efficient representation.

Light field data. We utilize three light field datasets’:
Bunny, Knights, and Truck, which can be represented as fifth-
order tensors with dimensions 40 x 60 x 3 x 9 x 9 (spatial
height x spatial width x color channel x vertical grid X
horizontal grid). Tab. 3 presents the CR and run time results
of different methods on these light field datasets. It can
be observed that SVDinsTN achieves lower CR values and
requires shorter run time than fixed-topology TR and FCTN
in most cases. Although SVDinsTN starts from a “fully-
connected” topology, the shrinkage operation in its initial-
ization scheme constrains the initial TN ranks to relatively
small values, thereby reducing the computational cost in the
early iterations. During iterative optimization, the sparsity-

2. http:/ /lightfield.stanford.edu/1fs.html
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TABLE 4
OA (1), AA (1), & (1), and FLOPs ({) of all tensor decomposition
methods on the University of Pavia dataset, with an approximately
consistent number of parameters (Params, |).

Method CP Tucker TT TR FCTN SVDinsTN

OA 9226 9281 9278 9282 93.08 93.66
AA 94.64 9494 9488 9496 9499 95.58
K 89.69 9040 9037 9042 90.76 91.52
FLOPs 8.83G 8.60G 8.61G 17.27G 22.29G  7.84G
Params 57.40K 58.23K 57.49K 66.01K 57.40K 56.46K

inducing term further promotes a compact TN structure,
leading to a more efficient representation. Compared with
TN-SS methods, SVDinsTN avoids the expensive sampling-
evaluation procedure for TN structure search. As a result,
it achieves about 100 to 1000 times speedup over existing
TN-SS methods while maintaining comparable CR values.

4 APPLICATIONS

In this section, we apply the proposed SVDinsTN to real-
world applications, including neural network compression,
multi-temporal remote sensing image cloud removal, and
tensor robust principal component analysis. Our objective is
to demonstrate that SVDinsTN can be adapted to a wide range of
tasks as easily as fixed-topology TN decomposition methods, while
delivering enhanced performance.

4.1 Neural Network Compression

Neural network compression leverages tensor decomposi-
tion to approximate the low-rank structure of convolutional
layer kernels, thereby reducing model complexity. We apply
various tensor decomposition methods, including CP de-
composition [10], Tucker decomposition [10], TT decomposi-
tion [36], TR decomposition [37], FCTN decomposition [38],
and the proposed SVDinsTN, to compress convolutional
layers with the same 5 x 5 kernel size in the hyperspectral
image (HSI) classification network DilatedFCN [62]. We
employ two HSI datasets, i.e., the University of Pavia dataset’
and the Houston dataset*, with 300 randomly selected sam-
ples for training and the rest for testing. University of Pavia
contains 9 land-cover classes, covers 103 spectral bands, and
has a spatial size of 610 x 340 pixels. Houston contains 15
land-cover classes, covers 144 spectral bands, and has a
spatial size of 349 x 1905 pixels. In this test, the parameter
~ is set to 0.001 and 0.002 on the first and second datasets,
respectively. The parameters of all compared methods are
manually adjusted to achieve their best performance.

For implementation, Adam is used for optimization with
an initial learning rate of 0.005. Each model is trained
for 2000 epochs, with other settings aligned with [62]. We
employ the overall accuracy (OA), average accuracy (AA), and
Kappa coefficient (k) to quantify classification performance,
and apply floating-point operations (FLOPs) and the number

3. https:/ /www.ehu.eus/ccwintco/index.php?title=Hyperspectral
Remote_Sensing_Scenes
4. http:/ /dase.grss-ieee.org/


http://lightfield.stanford.edu/lfs.html
https://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote_Sensing_Scenes
https://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote_Sensing_Scenes
http://dase.grss-ieee.org/
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SVDinsTN

Ground truth

Fig. 3. Classification maps generated using various tensor decomposition methods on the University of Pavia dataset.

TABLE 5
OA (1), AA (1), & (1), and FLOPs ({) of all tensor decomposition
methods on the Houston dataset, with an approximately consistent
number of parameters (Params, |).

Method CP Tucker TT TR FCTN SVDinsTN

OA 95.01 9559 9522 9562 9593 96.05
AA 96.13 96.64 9630 96.52 96.85 96.96
K 9456 95.18 9479 9523 95.56 95.69
FLOPs 16.43G 16.13G 16.14G 22.89G 30.28G  12.43G
Params 32.78K 33.82K 33.51K 32.78K 32.78K  32.99K

of parameters (Params) to measure the model complexity. All
experiments are repeated 20 times to reduce potential bias.

Result analysis. Tabs. 4 and 5 present the OA, AA, &,
Params, and FLOPs for different methods on the Univer-
sity of Pavia and Houston datasets, respectively. As shown,
SVDinsTN achieves higher accuracy with fewer FLOPs, while
maintaining a similar number of parameters compared to
other methods. Notably, compared to TR and FCTN decom-
positions, SVDinsTN demonstrates a particularly significant
computational advantage on the University of Pavia dataset.
For a more intuitive comparison, we show in Fig. 3 the
classification maps generated by various tensor decomposi-
tion methods on the University of Pavia dataset. We observe
that the classification map produced by SVDinsTN closely
resembles the ground truth, especially in the green-colored
class regions. This success can be attributed to the structure-
learning capability of SVDinsTN, which allows it to better
capture the underlying structure of the data.

4.2 Remote Sensing Image Cloud Removal

Multi-temporal remote sensing image (MTRSI) cloud re-
moval aims to eliminate cloud cover from images, which is
essential for enhancing observation accuracy and data com-
pleteness, enabling more reliable surface analysis. Assuming
the cloud locations are known, the SVDinsTN-based cloud
removal model can be formulated as follows:

1 o
o 31X = STN(G, )3+ 5 T
- Z(t,l)eTILN AtalISe 1,
s.t. 'PQ(X —F) =0,

where F € RI*I2X-XIN g the observed MTIRSI, X €
RIxI2x-xIN g the underlying clean MTRSI, 2 is the in-

2
e, 16w

(22)

Africa

Fig. 4. The MTRSIs (shown in RGB) used for experiments.

dex set of the entries that are not covered by clouds, and
Pq(X) is a projection operator that keeps the entries in
unchanged and projects the remaining entries to zeros.

We also use PAM to solve (22). The solutions to the
Gi-subproblem and S; ;-subproblem are the same as those
given in Section 3.2. The X-subproblem can be solved by

X = Pq: ((STN(G, S) + pX) /(1 + p)) + Po(F),  (23)

where X is the result at the previous iteration and the initial
X is the observed tensor F.

We employ 15 MTRSIs from different regions, i.e., Africa,
America, Eastern Asia, Western Asia, and Europe, and each
region includes three MTRSIs [63] shown in Fig. 4. All test
MTRSIs have a spatial size of 256 x 256 pixels, cover 13
spectral bands, and contain 6 temporal nodes. We compare
five representative tensor decomposition-based methods,
i.e.,, BCPF [2], TMac [64], TMacTT [39], TRLRF [49], and
TW [65]. We assume that the simulated clouds occupy the
same position across all bands at the same temporal node.
We select the first three temporal nodes to introduce clouds,
with the cloud masks (locations) extracted from real cloudy
images. We employ the peak signal-to-noise ratio (PSNR)
to evaluate the reconstruction performance. For each test
MTRSI, the PSNR values are averaged over all spectral
bands and the temporal nodes affected by cloud contam-
ination. In all tests, the parameter v is set to 0.0005. The
parameters of all compared methods are manually adjusted
to achieve their best performance.

Result analysis. Tab. 6 reports the PSNR and run time
results of different methods on MTRSIs. It can be observed
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TABLE 6
PSNR (meanztstandard deviation, 1) and run time (meanzstandard deviation, J) of different methods on MTRSIs, where the mean and standard
deviation are calculated from the results of three test MTRSIs in each region.

Region Index Observed BCPF TMac TMacTT TRLRF ™ SVDinsTN
Africa PSNR  13.395+1.229 34.480+1.581 34.496+4.517 35.760+4.498 36.489+1.912 35.095+7.128 39.231+3.331
Time (s) — 704.90+158.3 61.775+£25.97 30.746+14.68 250.03+125.4 839.68+199.4 820.91+31.44
America PSNR 13.75641.689 36.989+2.641 36.991+£1.788 39.177+2.858 38.736+£2.370 39.982+3.714 42.045+3.317
Time (s) — 721.474+84.54 74.643+£32.70 41.531+10.40 187.292+64.48 712.98+208.1 681.72+261.5
Eastern Asia PSNR 13.362+1.017 33.683£1.273 32.939+3.094 34.332+2.609 35.277+0.922 33.568+0.347 36.609+1.696
Time (s) — 608.01+£89.32 34.215+£8.593 17.503+1.529 226.60+101.2 763.17+173.5 783.74+356.5
Western Asia PSNR 13.583+1.826 34.411+0.784 34.533£1.098 36.187£1.055 36.535+1.357 36.759+2.035 38.506+2.533
Time (s) — 687.84+67.41 51.251£26.14 25.2824+13.11 228.39+133.1 758.49+241.8 646.09+£162.2
Eurove PSNR 12.308+0.288 33.180+0.813 33.194+2.419 34.449+2.101 35.084+1.011 34.785+1.561 36.260+0.736
P Time (s) — 761.74+100.4 61.769+25.60 40.963+37.32 406.66+420.4 861.03+51.76 851.20+93.08

Observed BCPF TMac TMacTT

TRLRF SVDinsTN Ground truth

Fig. 5. Reconstructed MTRSIs (shown in RGB) obtained by different methods in America at the temporal nodes 1, 2, and 3, respectively.

that SVDInsTN consistently obtains the best PSNR values in
all regions, indicating its strong restoration ability for dif-
ferent MTRSIs. Specifically, SVDinsTN improves the PSNR
over the second-best method by about 2 dB. For run time,
SVDinsTN is not always the fastest method, since it needs
to learn a compact TN structure during optimization. Nev-
ertheless, its run time remains comparable to BCPF and TW
in most cases. These results show that SVDinsTN achieves
better reconstruction quality with an acceptable run time.
For visual comparison, Fig. 5 displays the reconstructed
results produced by different methods on the second MTRSI
in America. As observed, SVDInsTN is more effective in
capturing finer details and maintaining high color fidelity.
This demonstrates the superiority of SVDinsTN in produc-
ing more accurate and visually consistent results compared
to other methods. These results also indicate that SVDinsTN
is capable of revealing a TN structure that is better adapted
to the test MTRSIs than existing fixed TN structures.

4.3 Tensor Robust Principal Component Analysis

Tensor robust principal component analysis (TRPCA) aims
to decompose a higher-order tensor into low-rank and

sparse components, which is essential for removing sparse
noise and detecting anomalies in high-dimensional data.
Mathematically, the SVDinsTN-based TRPCA model can be
formulated as follows:

i 1 2 | M 9
i 51X =SNG S)IE+ 5D, 97
* Z(t,l)eTLN Avil[Still + ol 24
st.Y=X+E&,

where Y € RI1x12xXIN ig the observed high-dimensional
data, X € RI1xI2X-XIN ig the low-rank component, £ €
RIxI2xxIN ig the sparse component, and « is a balance
parameter. By introducing the penalty term ||V —(X+E)|%,
(24) can be relaxed into the following penalized form:

min

1 2 n 2
Jmin o[ =STN(G,S) | + 21V— (X +)II}

(
+ 5 ST UG+ Y AualSealh+al€l

keKn (t,1)ETLN

25)

We also use PAM to solve (25). The solutions to the
Gi-subproblem and S; ;-subproblem are the same as those
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Fig. 6. Recovered results obtained by different methods for the 25th frame of the Coastguard and Foreman videos, under a noise level of 0.4.

TABLE 7
PSNR (1) and run time ({) of different methods on color videos.

Noise level: 0.3 Noise level: 0.4 Noise level: 0.5

Method
PSNR Time (s) PSNR Time (s) PSNR Time (s)
News

Observed 10.011 — 8.7287 — 7.7556 —
Tucker 32.728 192.78 30.152 114.79 29.427 101.29
TT 31.546 168.90 29.439 87926 29.023 88.190
TR 34.436 22934 31446 697.01 30.646 707.78
™ 34.583 1201.2 32974 776.46 31.503 297.60
SVDinsTN 36.296 776.46 34.757 551.94 32.538 345.06

Coastguard

Observed 10.552 — 9.2652 — 8.2985 —
Tucker 28.748 175.10 27.291 101.12 26.672 105.92
TT 27.782 162.04 26.610 86.968 25.868 79.661
TR 30.846 2315.0 28.541 701.64 26.993 706.49
™ 30.458 1178.2 29.325 1007.5 27.655 646.89
SVDinsTN 33.288 518.09 30.952 339.00 29.319 333.44

Foreman

Observed 10.334 — 9.0701 — 8.1013 —
Tucker 30.642 189.82 28.584 185.76 28.066 105.65
TT 28.861 162.67 27.228 158.21 26.571 83.978
TR 31.521 1619.4 28.743 943.17 27950 704.46
™ 31.763 967.11 30.232 1083.3 29.088 670.24
SVDIinsTN 34.975 754.14 32.902 460.43 30.099 353.92

Suzie

Observed 10.809 — 9.5252 — 8.5731 —
Tucker 31.436 196.36 30.191 102.70 29.284 100.91
TT 29.778 163.29 28430 80.781 27.789 84.822
TR 35.360 2306.4 32.774 699.59 32.042 702.23
™ 35.036 1239.8 33.321 813.54 31914 685.69
SVDIinsTN 36.762 870.96 34.677 395.78 33.036 325.85

given in Section 3.2. The £-subproblem can be solved by

pE+ny-X) o >

; (26)
ptn ]

&= shrink(
where £ is the result at the previous iteration and the initial
€ is a zero tensor. The X-subproblem can be solved by

X = (STN(G.S) +n(Y = €) + pX) /(1 + 1+ p),

where X is the result at the previous iteration and the initial
X is the observed tensor ).

27)

We use the task of color video denoising as an example to
evaluate the performance of the proposed SVDinsTN-based
TRPCA method. We test four color videos®, i.e., News, Coast-
guard, Foreman, and Suzie. All test color videos have a spatial
size of 144 x 176 pixels and contain 50 frames. For each test
video, we randomly add salt-and-pepper noise with noise
levels of 0.3, 0.4, and 0.5. We compare four representative
tensor decomposition-based methods, namely Tucker [64],
TT [66], TR [67], and TW [65]. We evaluate the recon-
structed results using PSNR, whose values are averaged
over all frames. In all tests, the parameter v is selected from
[0.0001, 0.001]. The parameters of all compared methods are
manually adjusted to achieve their best performance.

Result analysis. Tab. 7 presents the PSNR and run time
results obtained by different methods on color videos under
different noise levels. As observed, SVDinsTN achieves the
highest PSNR values in all test cases, demonstrating its
superior reconstruction accuracy and robustness to different
noise levels. Although SVDinsTN is not always the fastest
method, its run time remains comparable to that of fixed-
topology TN-based methods such as TR and TW. These
results indicate that the adaptive learning of both TN topol-
ogy and TN ranks does not introduce prohibitive compu-
tational overhead. For visual comparison, Fig. 6 shows the
recovered 25th frames of the Coastguard and Foreman videos
obtained by different methods under a noise level of 0.4. As
observed, SVDinsTN produces better visual results than the
other methods, with clearer structural details. These results
further demonstrate its ability to identify a TN structure that
better matches the intrinsic characteristics of the data than
existing fixed TN structures.

5 DISCUSSIONS
5.1 Influence of Different Sparsity-Inducing Terms

The sparsity-inducing term in the energy function in (6) is
not limited to the ¢;-norm. It provides a flexible framework
for exploring other sparsity-inducing terms. In this subsec-
tion, we discuss the influence of three sparsity-inducing
terms on SVDinsTN, including the ¢;-norm, the nonconvex
log-norm, and the fp-norm. For a matrix X € R™*", the
log-norm is defined as

X oy = > > log(e + X (i, 1)),

i=1j=1

(28)

5. http:/ /trace.eas.asu.edu/yuv/


http://trace.eas.asu.edu/yuv/

TABLE 8
CR () and run time (x1000s, ) for SVDinsTN with various
sparsity-inducing terms on light field data at different RE bounds.
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TABLE 9
Influence of the proximal parameter p on PSNR for the News and
Foreman videos at a noise level of 0.4.

Method RE: 0.01 RE: 0.05 RE: 0.1 p 0 107" 1077 107* 107" 1
CR Time CR Time CR Time News PSNR 34.134 34.710 34.757 34.635 34.722 34.026
Bunny Foreman PSNR 32.253 32.721 32.902 33.096 32.762 32.423
SVDinsTN-¢1  22.4% 0.745 6.92% 0.029 2.66% 0.005
SVDIinsTN-f,,, 21.0% 0712 5.91% 0.011 2.60% 0.005 _TABLE10
SVDinsTN-¢p  20.7% 0.417 5.91% 0.010 2.63% 0.005 Influence of the regularization parameter 1 on PSNR for the News and
Foreman videos at a noise level of 0.4.
Knights
SVDinsTN-¢;  32.0% 1548 5.64% 0.104 2.76% 0.019 po 005 01 05 1 5 10
SVDInsIN-fog  25.6% 0553 6.02% 0.082 213% 0.015 News PSNR 34.552 34.536 34.472 34.757 34534 27.816
SVDinsTN-fo 24.9% 0470 528% 0083 2.33% 0029 Foreman PSNR 32.449 32.621 32.512 32.902 32.833 22.253
Truck
SVDinsTN-¢;  23.5% 1.051 6.42% 0.152 2.83% 0.023
SVDinsTN-{,;  25.2% 0.626 6.42% 0.105 3.20% 0.004 5.2 Influence of Parameter Settings
SVDinsTN-{y 24.1% 0.182 6.34% 0.065 3.20% 0.008 . . .
In this subsection, we discuss several key parameter set-
tings of SVDIinsTN and their influence on reconstruction
) . performance and computational efficiency, including the
and the £o-norm is defined as proximal parameter p, the regularization parameter p, the
[X[lo = count({(4,5) | X(i,4) # 0}), (29) Iinitialization parameter 7o, the number of inner ADMM

where € = 1, and count(-) returns the number of entries.
We replace the ¢1-norm ||S; ;|1 in problem (7) with the
log-norm |[|S; |j1og and the {y-norm |[|S;[|o, respectively.
Accordingly, the solution to the S;;-subproblem in (15) is
modified as follows.
For the log-norm-based method, we have

s = shrinkf,, <Pst7z + Beaqei — pt,l’ Atl >, (30)
p+ B P+ B
where
- WOt y/ea o,
[shrinki,, (a, b)] (i) = blgn(a(l))T, if co > 0,
07 lf Co S O7

with

c1=la(i)| —¢, c2=ci—4(b—¢a(i)]).

For the ¢y-norm-based method, we have

Al

PS¢0+ Beide — Py 7 )’ 31)
p+ Bty

p+ B

St = shrink0<

where

a(i), | >
0, if|a(i)] < V2b.

We evaluate the influence of different sparsity-inducing
terms by taking the light field data representation task as an
example. Tab. 8 reports the CR and run time of SVDinsTN
with different sparsity-inducing terms on light field data
under different RE bounds. It is observed that the {p-norm-
based method achieves lower CR and shorter run time in
most cases. This is because the {y-norm directly penalizes
the number of non-zero components, thereby removing
redundant rank-related components more effectively. As a
result, it can obtain a more compact TN representation,
which reduces the storage and computational cost.

[shrinko (a, b)](7) = {

iterations, the maximum number of outer iterations, and the
parameters used in the TRPCA task. To ensure consistency,
we use the TRPCA task as a representative example for all
parameter analyses.

The proximal parameter p controls the strength of the
proximal term. When p = 0, the proximal term is removed,
and PAM reduces to standard alternating minimization
(AM). Tab. 9 reports the influence of p on the News and
Foreman videos at a noise level of 0.4. It can be observed
that p = 0 leads to lower PSNR values, which indicates
that the standard AM update is less stable for the proposed
model. When p is selected within a moderate range, the
PSNR values remain relatively stable. This suggests that
the proposed method is not highly sensitive to p once the
proximal term is properly introduced. When p becomes too
large, the update may become overly conservative, which
can slightly degrade the reconstruction performance. There-
fore, we set p = 1072 in the main experiments.

The regularization parameter 1 controls the strength of
the regularization imposed on the TN cores. Tab. 10 reports
the influence of i on the News and Foreman videos at a noise
level of 0.4. It can be observed that the proposed method
maintains stable performance within a reasonable range of
w (i.e., 0.05 to 5). Therefore, 1 = 1 is adopted in the main
experiments.

The parameter g controls the shrinkage threshold in
the initialization scheme, which determines the initial rank.
Tab. 11 reports the influence of -y on the News and Foreman
videos at a noise level of 0.4. It can be observed that the
proposed method remains stable when vy is within a reason-
able range (i.e., 10~7 to 10~3). However, when 7, becomes
too large (i.e., 1072), the performance degrades significantly
because excessive shrinkage results in an overly small initial
rank, limiting the representation capacity of the model. In
the main experiments, we set 7o = <, and v is selected
empirically for different tasks.

The number of inner ADMM iterations controls the accu-



TABLE 11
Influence of the initialization parameter v on PSNR for the News and
Foreman videos at a noise level of 0.4.

v 1077 107¢ 107° 107* 107%® 1072

News PSNR 34.505 34.478 34.650 34.443 34.382 26.181
Foreman PSNR 32.960 32.801 32.738 32.807 32.375 21.007

TABLE 12
Influence of the number of inner ADMM iterations on PSNR and run
time for the News and Foreman videos at a noise level of 0.4.

News
Iterations 1 2 3 4 5 6 7
PSNR 10.454 32.781 33.929 34.604 34.757 34.458 34.434
Time (s) 153.15 246.35 399.93 429.02 551.94 552.13 557.15
Foreman
Iterations 1 2 3 4 5 6 7

PSNR 18.363 31.278 32.172 32.643 32.902 32.934 33.199
Time (s) 135.55 482.69 429.03 466.47 460.43 457.36 597.56

racy of solving the S; ;-subproblem in each outer iteration.
To analyze its influence, we vary the number of inner
ADMM iterations from 1 to 7. The results are reported in
Tab. 12. When only one inner iteration is used, the subprob-
lem is insufficiently optimized, leading to clearly degraded
PSNR. When the number of inner iterations increases to
4 or more, the PSNR becomes relatively stable. Further
increasing the number of inner iterations does not bring
significant performance gains, but generally increases the
run time. Therefore, we set the number of inner ADMM
iterations to 5 in the main experiments.

We also analyze the influence of the maximum number
of outer iterations. Fig. 7 shows the PSNR and relative error
curves over 1000 iterations on the News and Foreman videos
at a noise level of 0.4, where the relative error is computed
between the reconstructed videos in consecutive iterations.
The PSNR increases rapidly in the initial stage and becomes
stable after approximately 500 iterations. Meanwhile, the rel-
ative error decreases quickly and becomes negligible around
500 iterations. These observations indicate that 500 outer
iterations are sufficient for convergence in our experiments.
Further iterations bring little performance improvement but
increase computational time. Thus, the maximum number
of outer iterations is set to 500 in the main experiments.

For the TRPCA task, we conduct a sensitivity analy-
sis to evaluate the influence of the parameters a and 7.
Specifically, « is tested over {0.001,0.0025,0.005,0.0075,
0.01,0.025,0.05,0.075,0.1}, and 7 is tested over {0.1,0.25,
0.5,0.75,1,2.5,5,7.5,10}. The corresponding PSNR results
on the News and Foreman videos are reported in Fig. 8. As
observed, either too small or too large values of o and 7
can degrade the reconstruction quality, whereas moderate
values generally yield higher PSNR values. Based on this
analysis, we set o = 0.01 and = 1 in the main TRPCA
experiments.
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Fig. 7. PSNR and relative error curves versus the iteration number for
the News and Foreman videos at a noise level of 0.4.
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Fig. 8. Sensitivity analysis of the proposed method with respect to o and
n on the News and Foreman videos at a noise level of 0.4.

6 CONCLUSION

We proposed a structure-revealing TN paradigm, termed
SVDinsTN, which addresses the TN-SS problem from an
energy-based perspective. Specifically, we constructed an
energy function that balances the representation error and
the complexity of the TN structure. This function enables the
joint optimization of data representation and the discovery
of a compact TN structure. As a result, SVDinsTN achieves
approximately 100 to 1000 times acceleration over state-of-
the-art TN-SS methods, while maintaining comparable rep-
resentation capability. We also introduced SVDinsTN-based
models for various low-level vision and machine learn-
ing tasks, including neural network compression, multi-
temporal remote sensing image cloud removal, and tensor
robust principal component analysis, demonstrating its ver-
satility and effectiveness as a core tool for these tasks.

SVDInsTN still has two main limitations. First, the the-
oretical guarantee for obtaining the globally optimal TN
topology and ranks remains an open problem. Second,
SVDinsTN is built on a discrete tensor representation, and
thus cannot be directly applied to irregularly sampled data
or data defined on non-grid domains, such as point cloud
data and spatial transcriptomics data. In future work, we
will study theoretical guarantees for the learned TN struc-
ture and extend SVDinsTN toward continuous representa-
tions for irregular data.
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